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GLUING APPROXIMABLE TRIANGULATED CATEGORIES
JESSE BURKE, AMNON NEEMAN, AND BREGJE PAUWELS
Abstract. Given a bounded-above cochain complex of modules over a ring,
it is standard to replace it by a projective resolution, and it is classical that
doing so can be very useful.
Recently, a modified version of this was introduced in triangulated cate-
gories other than the derived category of a ring. A triangulated category is
approximable if this modified procedure is possible. Not surprisingly this has
proved a powerful tool. For example: the fact that Dqc(X) is approximable
when X is a quasi compact, separated scheme led to major improvements on
old theorems due to Bondal, Van den Bergh and Rouquier. In this article
we prove that, under weak hypotheses, the recollement of two approximable
triangulated categories is approximable. In particular, this shows many of the
triangulated categories that arise in noncommutative algebraic geometry are
approximable.
0. Introduction
Let D be a triangulated category with a t-structure (D≤0,D≥0). One can con-
sider two objects x, y ∈ D as “close together” if there exists an exact triangle
x → y → z in D with z ∈ D≤−n for some large n. This intuitive definition of
distance was used in [14] to define two new notions, assuming D has coproducts
and is compactly generated by a single object G. The first is the property of (weak)
approximability: D is approximable if every object in D≤0 can be approximated
by objects that are finitely built out of arbitrary coproducts of certain shifts of G.
That is, every object in D≤0 has a sequence of “simpler” objects converging to it.
The second is a pair of subcategories Dbc ⊆ D
−
c ⊆ D. Here, D
−
c denotes the full
subcategory with objects that can be approximated by compact objects.
The two notions are connected: if D is approximable and G satisfies certain
finiteness conditions, then every finite cohomological functor, respectively locally
finite cohomological functor, on the compact objects Dc of D is represented by
an object of Dbc, respectively D
−
c , by [14, Theorem 0.3]. In this paper, we prove
that approximability and the two distinguished subcategories may be glued along
a recollement. To be precise, we let DF and DU be triangulated categories with a
single compact generator and let D be a compactly generated triangulated category.
We assume there is a recollement
DF D DU ,
i∗
i!
i∗
j∗
j∗
j!
which implies that D has a compact generator G.
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Proposition. If DU is weakly approximable, HomD(Σ
−nG,G) = 0 for n≫ 0, and
j∗G is in (DU )
−
c , then there are equalities:
D−c =
{
X ∈ D | i∗X ∈ (DF )
−
c and j
∗X ∈ (DU )
−
c
}
,
Dbc =
{
X ∈ D | i∗X ∈ (DF )
−
c , j
∗X ∈ (DU )
b
c and i
!X ∈ (DF )
+
}
.
Theorem. If DF and DU are approximable and HomD(Σ
−nG,G) = 0 for n ≫ 0,
then D is approximable.
Approximability is a very useful and natural notion in the study of the trian-
gulated categories of algebraic geometry. If D = Dqc(X) is the derived category
of quasi-coherent sheaves on a scheme X, then D is approximable if X is quasi-
compact and separated [14, Example 3.6], and if we further assume X Noetherian,
the subcategories Dbc and D
−
c are D
b
coh(X) and D
−
coh(X), respectively. The approx-
imability property of the category Dqc(X) is used in [13] and [14] to significantly
generalize foundational results of Bondal and Van den Bergh [3], and Rouquier [19];
in particular to mixed characteristic.
We expect that approximability will also be useful in noncommutative geom-
etry. We mean noncommutative algebraic geometry in the sense of [18], where
a noncommutative scheme is a small pretriangulated dg-category with a classical
generator, and the derived category of the scheme is the derived category of the
dg-category. In [3, Theorem 3.1.1(ii)] it was proved that if X is a quasi-compact
quasi-separated scheme, then Dperf(X) has a classical generator. In this way, the
classical commutative schemes are considered within the world of noncommutative
schemes.
A central construction in noncommutative algebraic geometry is the gluing A of
two small dg-categories B, C along a C-B-bimodule ([18, 20]). In the final section
of this paper, we show that if B and C have approximable derived categories, and
the bimodule is cohomologically bounded above, then the glued dg-category A also
has an approximable derived category. Furthermore, we describe how D(A)−c is
built from gluing D(B)−c and D(C)
−
c . This result significantly expands the known
examples of approximable triangulated categories in noncommutative algebraic ge-
ometry. Even if D(B) and D(C) are “commutative”, i.e., equivalent to the derived
categories of quasi-coherent sheaves on a commutative scheme, the glued category
D(A) is rarely commutative.
Many interesting classes of noncommutative schemes are constructed via gluing.
In [9], Kuznetsov and Lunts construct categorical resolutions of separated schemes
of finite type over a field k of characteristic zero by gluing derived categories of
smooth varieties. This notion of categorical resolutions was defined in [10] as a
generalization of Van Den Bergh’s notion of noncommutative crepant resolution
[21]. Gluing of DG-categories and categorical resolutions are also used in [5] to
show that Dbcoh(X) is homotopically finitely presented whenever X is a separated
scheme of finite type over a field k of characteristic zero. For other places where
gluing is used in noncommutative geometry, see [17, 8, 11, 4].
1. Notation and definitions
Throughout, D denotes a triangulated category with coproducts. We recall some
standard notation, see [14, Definition 0.21].
1.1. Let A, B be full subcategories of D
GLUING APPROXIMABLE TRIANGULATED CATEGORIES 3
a) A ∗ B has for objects all the x ∈ D such that there exists an exact triangle
a→ x→ b in D with a ∈ A and b ∈ B.
b) Add(A) has for objects all coproducts of objects of A.
c) smd(A) has for objects all direct summands of objects of A.
1.2. Let G be an object in D and suppose n ∈ N and A ≤ B ∈ Z ∪ {−∞,+∞}.
We define the following full subcategories:
a) If A,B ∈ Z, then G[A,B] ⊂ D has objects {Σ−iG | A ≤ i ≤ B}.
Similarly, G(−∞, B] ⊂ D has objects {Σ−iG | i ≤ B}. We define G[A,∞)
and G(−∞,∞) analogously.
b) Coprodn(G[A,B]) is defined inductively on the integer n by setting
Coprod1(G[A,B]) = Add(G[A,B]) and
Coprodn+1(G[A,B]) = Coprod1(G[A,B]) ∗ Coprodn(G[A,B]).
c) Coprod(G[A,B]) is the smallest full subcategory S ⊂ D, closed under co-
products, with S ∗ S ⊂ S and with G[A,B] ⊂ S.
d) 〈G〉[A,B]n = smd(Coprodn(G[A,B])).
e) 〈G〉
[A,B]
= smd(Coprod(G[A,B])).
1.3. [14, Definition 0.21] A triangulated category D with coproducts is weakly
approximable if there exists a compact generator G, a t-structure (D≤0,D≥0), and
an integer A > 0, such that the following hold:
(1) ΣAG ∈ D≤0 and HomD(Σ
−AG,D≤0) = 0.
(2) For every X ∈ D≤0, there exists an exact triangle E → X → D with
E ∈ 〈G〉
[−A,A]
and D ∈ D≤−1.
If properties (1) and (2) hold for a compact generator G and integer A, then for
every compact generator H there is an integer AH for which they hold, by [14,
Proposition 2.6].
The category D is approximable if we can choose A > 0 such that, moreover,
(3) in the exact triangle E → X → D above, we may assume E ∈ 〈G〉
[−A,A]
A .
If properties (1), (2) and (3) hold for a compact generator G and integer A, then
for every compact generator H there is an integer AH for which they hold, by [14,
Proposition 2.6].
1.4. A recollement is a diagram of exact functors between triangulated categories,
DF D DU ,
i∗
i!
i∗
j∗
j∗
j!
with the following properties:
(1) each functor is left adjoint to the one below it;
(2) j∗i∗ = 0;
(3) there exist natural transformations d : i∗i
∗X → j!j
∗[1] and d′ : j∗j
∗ →
i∗i
![1] such that for any X ∈ D, the following are exact triangles:
j!j
∗X
η
−→ X
ǫ
−→ i∗i
∗X
d
−→ j!j
∗X [1]
i∗i
!X
η
−→ X
ǫ
−→ j∗j
∗X
d′
−→ i∗i
!X [1],
where η and ǫ are the (co)unit maps of the adjunctions;
(4) i∗, j!, j∗ are fully faithful.
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We note that i∗, i∗, j!, j
∗ preserve coproducts, since they are left adjoints. Since
i∗ and j! have right adjoints preserving coproducts, [15, Theorem 5.1] informs us
that i∗ and j! respect compact objects.
1.5. ([2, 1.4.10]) Consider a recollement as above. Given t-structures (D≤0F ,D
≥0
F )
and (D≤0U ,D
≥0
U ) on DF and DU respectively, the glued t-structure on D has aisle
D≤0 := {X ∈ D | i∗X ∈ D≤0F and j
∗X ∈ D≤0U }
and co-aisle
D≥0 := {X ∈ D | i!X ∈ D≥0F and j
∗X ∈ D≥0U }.
1.6. ([2, 1.3.16]) Let D1, D2 be triangulated categories endowed with t-structures.
A functor f : D1 → D2 is right t-exact if f(D
≤0
1 ) ⊂ D
≤0
2 , and left t-exact if
f(D≥01 ) ⊂ D
≥0
2 . We say f is t-exact if f is left and right t-exact.
Consider a recollement as in 1.4 and suppose D has a t-structure glued from
t-structures on DF and DU . By [2, 1.3.17(iii)], the functors i
∗, j! are right t-exact,
i∗, j
∗ are t-exact and i!, j∗ are left t-exact.
2. t-structure generated by G
Definition 2.1. [14, Definition 0.10] Let D be a triangulated category. Two t-
structures (D≤01 ,D
≥0
1 ) and (D
≤0
2 ,D
≥0
2 ) on D are equivalent if there exists an integer
A > 0 with D≤−A1 ⊂ D
≤0
2 ⊂ D
≤A
1 .
Lemma 2.2. The gluing of t-structures along a recollement is stable under equiva-
lence. That is, consider a recollement as in 1.4 and suppose (D≤0F ,D
≥0
F ), (D
′≤0
F ,D
′≥0
F )
are equivalent t-structures on DF and (D
≤0
U ,D
≥0
U ), (D
′≤0
U ,D
′≥0
U ) are equivalent
t-structures on DU . Then the t-structure on D obtained by gluing (D
≤0
F ,D
≥0
F ),
(D≤0U ,D
≥0
U ) is equivalent to the t-structure obtained by gluing (D
′≤0
F ,D
′≥0
F ), (D
′≤0
U ,D
′≥0
U ).
Proof. Write (D≤0,D≥0), (D′≤0,D′≥0) for the t-structures on D obtained by gluing
(D≤0F ,D
≥0
F ), (D
≤0
U ,D
≥0
U ) and (D
′≤0
F ,D
′≥0
F ), (D
′≤0
U ,D
′≥0
U ) respectively. If A > 0 is
an integer such that D≤−AF ⊂ D
′≤0
F ⊂ D
≤A
F and D
≤−A
U ⊂ D
′≤0
U ⊂ D
≤A
U , then
D≤−A ⊂ D′
≤0
⊂ D≤A. 
Definition 2.3. [1, Theorem A.1] Given a compact object G of D, the t-structure
generated by G, denoted (D≤0G ,D
≥0
G ), has aisle D
≤0
G = 〈G〉
(−∞,0].
Remark 2.4. Since the category Coprod(G(−∞, 0]) is closed under positive suspen-
sions and coproducts, it contains all direct summands of its objects. This shows
D≤0G = 〈G〉
(−∞,0]
= Coprod(G(−∞, 0])).
Suppose now that D is compactly generated by the compact object G. If H is
also a compact generator for D, [14, Lemma 0.9] provides a positive integer A with
H ∈ 〈G〉
[−A,A]
A and G ∈ 〈H〉
[−A,A]
A . This shows D
≤−A
H ⊂ D
≤0
G ⊂ D
≤A
H , hence the
t-structures generated by G and H are equivalent. Thus the next definition does
not depend on the choice of compact generator:
Definition 2.5. If D is compactly generated by the compact object G, then the
preferred equivalence class of t-structures is the equivalence class containing the
t-structure (D≤0G ,D
≥0
G ) generated by G.
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The first part of the following lemma follows from [14, Remark 0.20], and the
second part follows from [14, Observation 0.12(ii) and Lemma 2.8]:
Lemma 2.6. Suppose D has a compact generator G with HomD(Σ
−nG,G) = 0
for n ≫ 0. Assume (D≤0,D≥0) is a t-structure in the preferred equivalence class.
Then
(1) there exists an integer C > 0 such that HomD(G,D
≤−C) = 0;
(2) for all compact objects F,H ∈ D, we have HomD(Σ
−mF,H) = 0 for m≫ 0.
In particular, the vanishing hypothesis on G is independent of the choice of compact
generator.
Recall that a t-structure (D≤0,D≥0) on D is non-degenerate if⋂
n∈Z
D≤n = 0 and
⋂
n∈Z
D≥n = 0.
Lemma 2.7. Suppose D has a compact generator G with HomD(Σ
−nG,G) = 0
for n ≫ 0. Then every t-structure in the preferred equivalence class is non-
degenerate.
Proof. Being non-degenerate is clearly stable under equivalence, so it suffices to
show the t-structure (D≤0G ,D
≥0
G ) generated by G is non-degenerate. Let X be a
nonzero object in D. Since G is a compact generator for D, there exists a nonzero
morphism ΣlG→ X for some l ∈ Z. It follows thatX /∈ D≥−l+1G = (D
≤−l
G )
⊥. More-
over, by the first part of Lemma 2.6 there exists C > 0 such that HomD(G,D
≤−C
G ) =
0. Hence HomD(Σ
lG,D≤−C−lG ) = 0 and we can conclude that X /∈ D
≤−C−l
G . 
The following lemma is exactly [14, Proposition 2.6]. It tells us that once we
know a category to be (weakly) approximable, any compact generator and any t-
structure in the preferred equivalence class will fulfill the approximability criteria
in Definition 1.3.
Lemma 2.8. Let D be weakly approximable, suppose G is a compact generator
for D and that (D≤0,D≥0) is any t-structure in the preferred equivalence class.
Then there exists A > 0 such that conditions (1) and (2) in Definition 1.3 hold
for the compact generator G and the t-structure (D≤0,D≥0). If D is moreover
approximable, A can be chosen to further satisfy condition (3) in Definition 1.3.
Lemma 2.9. Let D be a weakly approximable category, let G be a compact gener-
ator, and let (D≤0,D≥0) be a t-structure in the preferred equivalence class. There
exists an integer A > 0 such that, if HomD(Σ
−nG,X) = 0 for all n > 0, then
X ∈ D≤A. Consequently if HomD(Σ
−nG,X) = 0 for n ≫ 0 then X ∈ D≤m for
some integer m.
Proof. By Lemma 2.8 there exists an integer A > 0, such that conditions (1) and (2)
in Definition 1.3 hold for the compact generator G and the t-structure (D≤0,D≥0).
For any integer m and for the object X ∈ D in the statement of the current lemma,
we consider the exact triangle
τ≤mX → X → τ>mX,
6 JESSE BURKE, AMNON NEEMAN, AND BREGJE PAUWELS
where τ≤m, τ>m are the truncations with respect to the t-structure (D≤0,D≥0).
Applying 1.3 (2) to τ≤mX gives an exact triangle E → τ≤mX → D in D,
E
τ≤mX X τ>mX
D
with E ∈ 〈G〉
[m−A,m+A]
and D ∈ D≤m−1. Now suppose m ≥ A + 1. Because
HomD(Σ
−nG,X) = 0 for all n > 0 and E ∈ 〈G〉
[m−A,m+A]
⊂ 〈G〉
[1,m+A]
, we have
that there is no nonzero map from E to X . Hence τ≤mX → X factors through
τ≤mX → D. Using that D ∈ D≤m−1 this shows
τ≤mX ∼= τ≤m−1X,
in other words HmX = 0 for all m > A.
Since D is weakly approximable we know HomD(Σ
−nG,G) = 0 for n≫ 0, hence
by Lemma 2.7 the t-structure (D≤0,D≥0) is non-degenerate. By [2, 1.3.7], X is
in D≤A. 
Lemma 2.10. Consider a recollement as in Definition 1.4. Suppose DU is weakly
approximable with compact generator GU , and D has a compact generator G
′ such
that HomD(Σ
−nG′, G′) = 0 for n ≫ 0. We can then find a compact generator G
of D such that the t-structure on D generated by G is equal to the gluing of the
t-structure on DF generated by i
∗G and the t-structure on DU generated by GU .
Proof. Write (D≤0U ,D
≥0
U ) for the t-structure on DU generated by GU . We note that
j!GU is compact in D because the functor j! preserves compactness (see 1.4). The
second part of Lemma 2.6 now shows
HomDU (Σ
−nGU , j
∗G′) ∼= HomD(Σ
−nj!GU , G
′) = 0
for n≫ 0. It follows that j∗G′ ∈ D≤mU for some m > 0 by Lemma 2.9. Now let
G := ΣmG′ ⊕ j!GU ,
which is clearly a compact generator for D. We write (D≤0F ,D
≥0
F ) for the t-structure
on DF generated by i
∗G and (D≤0gl ,D
≥0
gl ) for the t-structure on D obtained by gluing
(D≤0F ,D
≥0
F ) and (D
≤0
U ,D
≥0
U ). It remains to show that
D≤0G = D
≤0
gl ,
where (D≤0G ,D
≥0
G ) is the t-structure on D generated by G. First, we note that
i∗G ∈ D≤0F and j
∗G = Σmj∗G′ ⊕ GU ∈ D
≤0
U . Using that the functors i
∗ and j∗
commute with coproducts, this shows i∗D≤0G ⊂ D
≤0
F and j
∗D≤0G ⊂ D
≤0
U . Hence,
D≤0G ⊂ D
≤0
gl .
On the other hand, we clearly have j!GU ∈ D
≤0
G and thus j!D
≤0
U ⊂ D
≤0
G , because
the functor j! commutes with coproducts. Since i∗i
∗G fits in an exact triangle
j!j
∗G→ G→ i∗i
∗G
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with j!j
∗G, G ∈ D≤0G , we see that i∗i
∗G ∈ D≤0G . It follows that i∗D
≤0
F ⊂ D
≤0
G .
Now, let X ∈ D≤0gl and consider the exact triangle
j!j
∗X → X → i∗i
∗X.
By the above, j!j
∗X, i∗i
∗X ∈ D≤0G , soX ∈ D
≤0
G . We conclude that D
≤0
G = D
≤0
gl . 
Combining the above lemma with Lemma 2.2, we get:
Corollary 2.11. Consider a recollement as in Definition 1.4. Suppose DU is weakly
approximable and D has a compact generator G such that HomD(Σ
−nG,G) = 0
for n≫ 0. Then the t-structure on D obtained by gluing t-structures on DF and DU ,
both of which are in the preferred equivalence class, is in the preferred equivalence
class.
3. Gluing D−c
Definition 3.1. [14, Definition 0.16] Let D be a triangulated category with t-
structure (D≤0,D≥0). Recall that we write D+ :=
⋃
m>0D
≥−m, D− :=
⋃
m>0D
≤m
and Db = D+ ∩ D−. The full subcategory D−c has for objects all the X ∈ D such
that, for any integer m > 0, there exists an exact triangle E → X → E′ with E
compact and E′ ∈ D≤−m. The subcategory Dbc is defined to be D
−
c ∩ D
b.
Remark 3.2. Observe that equivalent t-structures yield equalD+, D−, Db, D−c , D
b
c.
If D has a single compact generator, form the subcategories D+, D−, Db, D−c , D
b
c
corresponding to the preferred equivalence class of t-structures. These are intrinsic.
Remark 3.3. Suppose D has a compact generatorG such that HomD(Σ
−nG,G) = 0
for n ≫ 0, and endow D with a t-structure in the preferred equivalence class.
By [14, Proposition 0.19 and Remark 0.20], the subcategories Dbc ⊆ D
−
c are thick
triangulated subcategories of D−.
If D is weakly approximable then the above applies: one easily sees that D has
a compact generator G with HomD(Σ
−nG,G) = 0 for n≫ 0.
Lemma 3.4. Consider a recollement as in Definition 1.4. Suppose DU is weakly
approximable, and D has a compact generator G such that HomD(Σ
−nG,G) = 0 for
n ≫ 0. Then the intrinsic categories (DU )
−
c , (DU )
b
c, D
−
c , D
b
c, (DF )
−
c and (DF )
b
c,
corresponding to the preferred equivalence class of t-structures as in Remark 3.2,
are all thick, triangulated subcategories of (respectively) DU , D and DF .
Proof. For the categories (DU )
−
c , (DU )
b
c, D
−
c and D
b
c the assertion is immediate
from Remark 3.3. What we will prove is that the category DF has a compact
generator H with HomDF (Σ
−nH,H) = 0 for n≫ 0.
Choose for DF , DU t-structures in the preferred equivalence class, and glue them
to form a t-structure on D. By Corollary 2.11 the glued t-structure on D is in the
preferred equivalence class. Pick a compact generator G ∈ D.
Lemma 2.6(1) allows us to choose an integer C > 0 with HomD(G,D
≤−C) = 0.
As i∗ is t-exact we have i∗D
≤−C
F ⊂ D
≤−C , and hence
HomDF (i
∗G,D≤−CF )
∼= HomD(G, i∗D
≤−C
F ) = 0.
But the t-structure on DF is in the preferred equivalence class, and [14, Observa-
tion 0.20(ii)] informs us that the compact object i∗G ∈ DF must be contained in
D−F . Hence we may choose an integer B > 0 with i
∗G ∈ D≤BF .
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But now it’s immediate that the compact generator i∗G ∈ DF is such that
HomDF (Σ
−ni∗G, i∗G) = 0 for n ≥ B + C. 
Proposition 3.5. Consider a recollement as in Definition 1.4. Suppose DU is
weakly approximable, and D has a compact generator G such that HomD(Σ
−nG,G) =
0 for n≫ 0. With C standing for any of DU , D or DF , let the categories C
−
c , C
b
c and
C+ be the intrinsic ones coming from the preferred equivalence class of t-structures,
see Remark 3.2. If j∗G is in (DU )
−
c , then there are equalities:
D−c =
{
X ∈ D | i∗X ∈ (DF )
−
c and j
∗X ∈ (DU )
−
c
}
,
Dbc =
{
X ∈ D | i∗X ∈ (DF )
−
c , j
∗X ∈ (DU )
b
c and i
!X ∈ (DF )
+
}
.
Proof. Choose t-structures for each of DF , DU , in the preferred equivalence classes,
and glue them to form a t-structure on D. By Corollary 2.11 the glued t-structure
on D is in the preferred equivalence class. We are assuming that, for the compact
generator G ∈ D, we have j∗G ∈ (DU )
−
c . As (DU )
−
c is a thick triangulated subcat-
egory which contains j∗G, it must also contain j∗Dc, since Dc is the smallest thick
triangulated subcategory of D containing G.
We first show the left sides are contained in the right sides. Let X be in D−c ,
fix m > 0, and let E → X → D be an exact triangle in D with E ∈ Dc and
D ∈ D≤−m. Since i∗D ∈ D≤−mF and i
∗ preserves compactness (see 1.4), the exact
triangle i∗E → i∗X → i∗D shows that i∗X is in (DF )
−
c . Now consider the exact
triangle j∗E → j∗X → j∗D with j∗D ∈ D≤−mU . By the first paragraph of the
proof j∗E ∈ (DU )
−
c , hence we can find an exact triangle E˜ → j
∗E → D˜ with E˜ in
(DU )
c and D˜ in D≤−mU . The octahedral axiom, applied to E˜ → j
∗E → j∗X , gives
an object D′ and exact triangles E˜ → j∗X → D′ and D˜ → D′ → j∗D in DU such
that the following diagram is commutative:
E˜
j∗E j∗X j∗D
D˜ D′.
Since D˜ and j∗D are in D≤−mU , we know D
′ is also in D≤−mU . The exact triangle
E˜ → j∗X → D′ now shows that j∗X is in (DU )
−
c . If we assume further that X is
in Dbc = D
−
c ∩ D
b, then we have j∗X ∈ DbU and i
!X ∈ (DF )
+ because j∗ is t-exact
and i! is left t-exact.
We now show the right sides are contained in the left sides. Assume i∗X ∈ (DF )
−
c
and j∗X ∈ (DU )
−
c , and fix m > 0. By definition there exists an exact triangle
E′ → i∗X → D′
with E′ ∈ (DF )
c ⊂ D− and D′ ∈ D≤−mF . Choose an odd integer n > 0 with
ΣnE′ ∈ D≤−mF . The object E
′ ⊕ ΣnE′ vanishes in K0(DF ), and [16, Corollary
4.5.14] tells us that E′ ⊕ΣnE′ must therefore lie in the image of i∗. And then [16,
Proposition 4.4.1], applied to the composite E′ ⊕ ΣnE′ → E′ → i∗X , allows us
to find a morphism E′′ → X in D, with E′′ in Dc, and such that i∗(E′′ → X) is
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isomorphic to E′ ⊕ ΣnE′ → E′ → i∗X. Complete E′′ → X to an exact triangle
E′′ → X → D′′.
Since i∗D′′ ∼= D′ ⊕ Σn+1E′ we deduce that i∗D′′ ∈ D
≤−m
F .
The first paragraph of the proof tells us that j∗E′′ ∈ (DU )
−
c , while j
∗X ∈ (DU )
−
c
by hypothesis. Thus j∗D′′ is in (DU )
−
c . Fix an exact triangle E˜ → j
∗D′′ → D˜ with
E˜ ∈ (DU )
c and D˜ ∈ D≤−mU . We now have the following diagram
j!E˜ j!j
∗D′′ j!D˜
E′′ X D′′
i∗i
∗D′′,
with E′′ ∈ Dc, E˜ ∈ (DU )
c and D˜ ∈ D≤−mU . Applying the octahedral axiom, to
j!E˜ → j!j
∗D′′ → D′′, we find an object D and exact triangles j!E˜ → D
′′ → D and
j!D˜ → D → i∗i
∗D′′ in D that fit into the following commutative diagram:
j!E˜ j!j
∗D′′ j!D˜
D′′
i∗i
∗D′′ D.
Since i∗D′′ ∈ D≤−mF and i∗ is t-exact, we know i∗i
∗D′′ ∈ D≤−m. Since D˜ ∈ D≤−mU
and j! is right t-exact, we know j!D˜ ∈ D
≤−m. Thus D ∈ D≤−m.
Next we complete the octahedron on X → D′′ → D, and find an object E with
exact triangles E → X → D and E′′ → E → j!E˜ in D, fitting into the following
commutative diagram:
E j!E˜
E′′ X D′′
D.
Note that j!E˜ is compact because j! preserves compactness. Since E
′′ is also com-
pact, so is E. Hence the exact triangle E → X → D shows that X is in D−c . If
we now further assume that i!X ∈ (DF )
+ and j∗X ∈ (DU )
b, then X ∈ Db by the
definition of glued t-structure. 
4. Gluing approximability
The time has come to prove the main theorem. For the reader’s convenience we
recall the statement.
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Theorem 4.1. Let DF and DU be approximable triangulated categories and let D
be a compactly generated triangulated category. Assume there is a recollement
DF D DU .
i∗
i!
i∗
j∗
j∗
j!
Then D has a compact generator G. If moreover HomD(Σ
−nG,G) = 0 for n ≫ 0,
then D is approximable.
We will prove the theorem via a series of lemmas. If DF is approximable with
compact generator GF , then there exists A > 0 such that for every object X of
D≤0, we can find an exact triangle
E′
f ′
−→ i∗X → D′
in DF with E
′ ∈ 〈GF 〉
[−A,A]
A and D
′ ∈ D≤−1F . To prove the theorem, we will
show how to lift a morphism E′
f ′
−→ i∗X in DF to a morphism E
f
−→ X in D, for
increasingly complicated E′.
Lemma 4.2. Consider a recollement that satisfies the hypotheses of Corollary 2.11,
and let (D≤0,D≥0) be a t-structure in the preferred equivalence class on D. For
every integer A > 0 there exists an integer B > 0 such that, if f ′ : i∗K → i∗X is
a morphism in DF with K compact and K,X ∈ D
≤A, then there exists an object
Y ∈ D≤B and morphisms
K Y X,
ψ f
such that i∗(ψ) is an isomorphism in DF and f
′i∗(ψ) = i∗(f).
Proof. Choose t-structures for each of DF , DU , in the preferred equivalence classes,
and glue them to form a t-structure on D. By Corollary 2.11 the glued t-structure
on D is in the preferred equivalence class, hence equivalent to the given t-structure
on D. Since replacing the given t-structure by the equivalent glued one is harmless,
let us assume that the t-structure on D is the one obtained from the gluing.
Now choose a compact generator G ∈ D and a compact generator H ∈ DU . The
object G⊕ j!H is a compact generator for D, and Lemma 2.6 permits us to choose
an integer C > 0 with HomD(G ⊕ j!H,D
≤−C) = 0. Assume also that C ≥ A,
where A > 0 is the integer given in the Lemma. By the weak approximability of
DU and Lemma 2.8 we may, possibly at the cost of increasing C, assume that every
object Z ∈ D≤0U admits an exact triangle E → Z → D with E ∈ 〈H〉
[−C,C]
and
D ∈ D≤−1U . We assert that in the Lemma we may set B = 3C − 1.
By [16, Proposition 4.4.1], we can represent f ′ : i∗K → i∗X in DF by a roof in
D,
K Y X,
ϕ f˜
such that Y is compact, i∗(ϕ) is an isomorphism in DF and f
′i∗(ϕ) = i∗(f˜). Since
i∗(ϕ) is an isomorphism, we can find an exact triangle j!Z → Y
ϕ
−→ K for some
Z ∈ DU . Moreover, we know Y ∈ D
c ⊂ D− and K ∈ D≤A. Hence j!Z ∈ D
≤N
for some N , and if N ≤ 3C − 1 we are done. Assume therefore N ≥ 3C. The
isomorphism Z ∼= j∗j!Z tells us that Z ∈ D
≤N
U . By [14, 2.2.1] (with m = N+1−3C
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and F = ΣNZ), there is an exact triangle E → Z → D in DU with E ∈ 〈H〉
[2C,N+C]
and D ∈ D≤3C−1U . We have the diagram
j!E j!Z j!D
Y
K
ϕ
which we complete to an octahedron, giving an object Y ′ and exact triangles j!E →
Y → Y ′ and j!D → Y
′ ψ−→ K in D, making the following diagram commutative:
j!E j!Z j!D
Y
K Y ′.
ϕ
ψ
Using that HomD(j!H,D
≤−C) = 0, we see that there are no nonzero maps from
j!E ∈ 〈j!H〉
[2C,N+C] to X ∈ D≤A ⊂ D≤C . Hence the morphism f˜ : Y → X factors
via Y → Y ′:
j!E j!Z j!D
Y X
K Y ′
ϕ
f˜
ψ
f
We have thus found morphisms
K Y ′ X,
ψ f
such that i∗(ψ) is an isomorphism in DF and f
′i∗(ψ) = i∗(f). Furthermore, the
exact triangle j!D → Y
′ → K with j!D ∈ D
≤3C−1 and K ∈ D≤A shows Y ′ ∈
D≤3C−1. This proves the lemma. 
Lemma 4.3. Consider a recollement that satisfies the hypotheses of Corollary 2.11.
Choose a compact generator G ∈ D and let (D≤0,D≥0) be a t-structure in the
preferred equivalence class on D.
For every integer A > 0 there exists an integer B > 0 such that, if f ′ : E′ → i∗X
is a morphism in DF with E
′ ∈ Coprod1(i
∗G[−A,A]) and X ∈ D≤A, then there
exists a morphism f : E → X in D with E ∈ 〈G〉[−B,B] such that i∗E ∼= E′ and
i∗f ∼= f ′.
If DU is approximable, then the integer B may be chosen so that E ∈ 〈G〉
[−B,B]
B .
Proof. Corollary 2.11 allows us to choose t-structures for DF , DU in the preferred
equivalence classes, glue them to form a t-structure on D, and replace the given
t-structure on D by the equivalent glued one we have just constructed.
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Now choose a compact generator H ∈ DU . The object G is a compact gen-
erator for D, and Lemma 2.6(1) premits us to choose an integer C > 0 with
HomD(G,D
≤−C) = 0. Since G is a compact generator in D and j!H is com-
pact, [14, Lemma 0.9(i)] allows us to increase C so that j!H ∈ 〈G〉
[−C,C]
C . Assume
also that C ≥ A, where A > 0 is the integer given in the Lemma. Let A′ > 0 be
an integer with G ∈ D≤A
′
; Lemma 4.2 permit us to produce an integer B′ > 0 so
that any morphism i∗K → i∗X , with K ∈ Dc ∩D≤A+A
′
and X ∈ D≤A+A
′
, can be
represented by a roof with Y ∈ D≤B
′
; at the cost of possibly increasing C assume
B′ ≤ C. Finally the weak approximability (respectively approximability) of DU
and Lemma 2.8 permits us, possibly at the cost of increasing C, to assume that
every object Z ∈ D≤0U admits an exact triangle E → Z → D with D ∈ D
≤−1
U and
E ∈ 〈H〉
[−C,C]
(respectively E ∈ 〈H〉
[−C,C]
C ). We assert that in the Lemma we may
set B = max(4C, 3C3 + 1).
It suffices to show the lemma for E′ = Σni∗G with n ∈ [−A,A]. Consider a
morphism f ′ : Σni∗G→ i∗X in DF with X ∈ D
≤A. By the choice of C there exists
an object Y in D≤C and morphisms
Y
ΣnG X,
ψ f˜
such that i∗(ψ) is an isomorphism in DF and f
′i∗(ψ) = i∗(f˜). In particular, we
can find an exact triangle Y
ψ
−→ ΣnG → j!Z for some Z ∈ DU . Since Σ
nG and Y
are both in D≤C , so is j!Z. Hence Z ∼= j
∗j!Z ∈ D
≤C
U . By [14, 2.2.1 and 2.2.2] (with
m = 3C and F = ΣCZ), there exists an exact triangle in DU
E˜ → Z → D˜,
with D˜ ∈ D≤−2CU and E˜ ∈ 〈H〉
[1−3C,2C]
, or if DU is approximable with E˜ ∈
〈H〉
[1−3C,2C]
3C2 . We thus get the following diagram in D:
Y
ΣnG
j!E˜ j!Z j!D˜.
ψ
Since j! is right t-exact we have j!D˜ ∈ D
≤−2C . Since HomD(G,D
≤−C) = 0 there
are no nonzero maps ΣnG→ j!D˜. It follows that Σ
nG→ j!Z factors via j!E˜ → j!Z.
We thus find a morphism ΣnG → j!E˜, an exact triangle E
ϕ
−→ ΣnG → j!E˜ and a
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morphism E
g
−→ Y such that the following diagram commutes:
Y E
ΣnG
j!E˜ j!Z j!D˜
ψ
g
ϕ
Since j!H ∈ 〈G〉
[−C,C]
C and E˜ is in 〈H〉
[1−3C,2C] (respectively E˜ ∈ 〈H〉
[1−3C,2C]
3C2 ), we
see that j!E˜ ∈ 〈G〉
[1−4C,3C] (respectively j!E˜ ∈ 〈G〉
[1−4C,3C]
3C3 ). The triangle
E → ΣnG→ j!E˜
now shows that E ∈ 〈G〉
[−4C,4C]
(respectively E ∈ 〈G〉
[−4C,4C]
3C3+1 ). Finally we let
f := f˜ g : E → X . Now i∗(ϕ) is an isomorphism in DF and
f ′i∗(ϕ) = f ′i∗(ψ)i∗(g) = i∗(f˜ g) = i∗(f).

Lemma 4.4. Consider a recollement that satisfies the hypotheses of Corollary 2.11
and suppose DU is approximable. Choose a compact generator G ∈ D and let
(D≤0,D≥0) be a t-structure in the preferred equivalence class on D.
For every pair of integers A > 0 and n > 0 there exists an integer B > 0 such
that, if f ′ : E′ → i∗X is a morphism in DF with E
′ ∈ Coprodn(i
∗G[−A,A]) and
X ∈ D≤A, then there exists a morphism f : E → X in D with E ∈ 〈G〉
[−B,B]
B such
that i∗E ∼= E′ and i∗f ∼= f ′.
Proof. Corollary 2.11 allows us to choose t-structures for DF , DU in the preferred
equivalence classes, glue them to form a t-structure on D, and replace the given
t-structure on D by the equivalent glued one we have just constructed.
The case n = 1 is shown in Lemma 4.3. We proceed by induction on n, and sup-
pose the lemma holds for some n ≥ 1. Fix A > 0, choose B˜ as in Lemma 4.3, mean-
ing any morphism f ′ : E′ → i∗X in the categoryDF , with E
′ ∈ Coprod1(i
∗G[−A,A])
and X ∈ D≤A, is ismorphic to i∗f for some some morphism f : E → X in D with
E ∈ 〈G〉
[−B˜,B˜]
B˜
. Increasing B˜ if necessary assume B˜ ≥ A and G ∈ D≤B˜.
Using the induction hypothesis choose B′ such that, if f ′ : E′ → i∗X is a
morphism in DF with E
′ ∈ Coprodn(i
∗G[−2B˜, 2B˜]) and X ∈ D≤2B˜ , then there
exists a morphism f : E → X in D with E ∈ 〈G〉
[−B′,B′]
B′ such that i
∗E ∼= E′ and
i∗f ∼= f ′.
Consider a morphism f ′ : E′ → i∗X with E′ ∈ Coprodn+1(i
∗G[−A,A]) and
X ∈ D≤A. By definition there exists an exact triangle E′1 → E
′ → E′n with
E′1 ∈ Coprod1(i
∗G[−A,A]) and E′n ∈ Coprodn(i
∗G[−A,A]). We can complete
the octahedron on E′1 → E
′ → i∗X to find exact triangles E′ → i∗X → Z ′,
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E′1 → i
∗X → Y ′ and E′n → Y
′ → Z ′ such that the diagram
E′1 E
′ E′n
i∗X
Z ′ Y ′
f ′
commutes. Since E′1 is in Coprod1(i
∗G[−A,A]) and X is in D≤A, we can apply our
choices to find an exact triangle E1 → X → Y in D with E1 ∈ 〈G〉
[−B˜,B˜]
B˜
and such
that i∗(E1 → X → Y ) ∼= E
′
1 → i
∗X → Y ′. Note that
Y ∈ D≤A ∗ 〈G〉
[−B˜−1,B˜−1]
B˜
⊆ D≤2B˜.
Next, we consider the morphismE′n → Y
′ ∼= i∗Y with E′n ∈ Coprodn(i
∗G[−A,A]) ⊂
Coprodn(i
∗G[−2B˜, 2B˜]) and Y ∈ D≤2B˜ . By our choices of integers there ex-
ists an exact triangle En → Y → Z in D with En ∈ 〈G〉
[−B′,B′]
B′ and such that
i∗(En → Y → Z) ∼= E
′
n → Y
′ → Z ′. We now have the following diagram:
E1 En
X
Z Y.
Completing the octahedron, we find an object E and exact triangles E1 → E → En
and E → X → Z in D, so that the following diagram is commutative:
E1 E En
X
Z Y.
f
Since there are isomorphisms i∗(X → Y ) ∼= i∗X → Y ′ and i∗(Y → Z) ∼= Y ′ → Z ′,
there is an isomorphism i∗f ∼= f ′. The lemma follows since
E ∈ 〈G〉
[−B˜,B˜]
B˜
∗ 〈G〉
[−B′,B′]
B′ ⊂ 〈G〉
[−B˜−B′,B˜+B′]
B˜+B′
.

Lemma 4.5. Consider a recollement that satisfies the hypotheses of Corollary 2.11
and suppose DU is approximable. Choose a compact generator G ∈ D and let
(D≤0,D≥0) be a t-structure in the preferred equivalence class on D.
For any integer A > 0 there exists an integer B > 0 such that, if f ′ : E′ → i∗X
is a morphism in DF with E
′ ∈ 〈i∗G〉
[−A,A]
A and X ∈ D
≤A, then there exists a
morphism f : E → X in D with E ∈ 〈G〉
[−B,B]
B and such that i
∗E ∼= E′ and
i∗f ∼= f ′.
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Proof. Fix A > 0. In [13, Lemma 1.11] it is shown that
〈i∗G〉
[−A,A]
A ⊂ Coprod2A(i
∗G[−A− 1, A]) ⊂ Coprod2A(i
∗G[−2A, 2A]).
By Lemma 4.4 there exists B > 0 such that if f ′ : E′ → i∗X is a morphism in DF
with E′ ∈ Coprod2A(GF [−2A, 2A]) andX ∈ D
≤2A, then there exists E ∈ 〈G〉
[−B,B]
B
and a morphism f : E → X in D with i∗E ∼= E′ and i∗f ∼= f ′. 
Now that we understand how to lift morphisms in DF to D, we proceed with the
proof of the theorem:
Proof of Theorem 4.1. Let GF and GU be compact generators of DF and DU , re-
spectively. By [16, Theorem 4.4.9] there exists a compact object G′ in D such that
GF is a direct summand of i
∗G′. It follows that G := G′ ⊕ j!GU is a compact
generator for D.
Suppose now that HomD(Σ
nG,G) = 0 for n≫ 0; we’re in the situation of Corol-
lary 2.11, allowing us to choose t-structures for DF , DU in the preferred equivalence
classes, glue them to form a t-structure on D, and we’re guaranteed that the glued
t-structure on D is in the preferred equivalence class. Choose a compact generator
H ∈ DU , and choose an integer A > 0 so that G ∈ D
≤A, HomD(G,D
≤−A) = 0
and j!H ∈ 〈G〉
[−A,A]
A . Recalling that DU and DF are approximable and remem-
bering Remark 2.8 we may, by increasing A if necessary, also assume that every
object X ∈ D≤0U admits an exact triangle E → X → D with E ∈ 〈H〉
[−A,A]
A and
D ∈ D≤−1U , and every object X ∈ D
≤0
F admits an exact triangle E → X → D with
E ∈ 〈i∗G〉
[−A,A]
A and D ∈ D
≤−1
F . By Lemma 4.5 there exists an integer B > 0
such that, if f ′ : E′ → i∗X is any morphism in DF with E
′ ∈ 〈i∗G〉
[−A,A]
A and
X ∈ D≤A, then there exists a morphism f : E → X in D with E ∈ 〈G〉
[−B,B]
B such
that i∗f ∼= f ′.
Let X be an object of D≤0, hence i∗X ∈ D≤0F . We find an exact triangle
E′
f ′
−→ i∗X → D′
with E′ ∈ 〈i∗G〉
[−A,A]
A and D
′ ∈ D≤−1F . By the choices of integers above there exists
a morphism E
f
−→ X in D with E ∈ 〈G〉
[−B,B]
B such that i
∗f ∼= f ′. Complete f to
a triangle
E
f
−→ X → D′′.
Since E ∈ 〈G〉
[−B,B]
B and X ∈ D
≤0, we have D′′ ∈ D≤A+B, and thus j∗D′′ ∈
D≤A+BU . By [14, 2.2.1] (with F = Σ
A+Bj∗D′′ and m = A+B+1), we find an exact
triangle
E˜ → j∗D′′ → D˜
in DU such that E˜ ∈ 〈H〉
[−A,2A+B]
(A+B+1)A and D˜ ∈ D
≤−1
U , obtaining a diagram
j!E˜ j!j
∗D′′ j!D˜
E X D′′
i∗i
∗D′′.
f
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Completing the octahedron on j!E˜ → j!j
∗D′′ → D′′, we find an object D with
exact triangles j!E˜ → D
′′ → D and j!D˜ → D → i∗i
∗D′′ in D, that fit into the
following commutative diagram:
j!E˜ j!j
∗D′′ j!D˜
D′′
i∗i
∗D′′ D.
We note that j!D˜ ∈ D
≤−1 since D˜ ∈ D≤−1U and j! is right t-exact. Furthermore,
i∗i
∗D′′ ∈ D≤−1, since i∗D′′ ∼= D′ ∈ D
≤−1
F and i∗ is t-exact. Thus D ∈ D
≤−1.
Next we complete the octahedron on X → D′′ → D, finding an object F with
exact triangles F → X → D and E → F → j!E˜ in D, that fit into the following
commutative diagram:
F j!E˜
E X D′′
D.
Since E ∈ 〈G〉
[−B,B]
B and
j!E˜ ∈ 〈j!H〉
[−A,2A+B]
(A+B+1)A ⊂ 〈G〉
[−2A,3A+B]
(A+B+1)A2 ,
we see that F ∈ 〈G〉
[−3A−B,3A+B]
(A+B+1)A2+B . Thus the exact triangle F → X → D proves
the approximability of D. 
5. Gluing dg-categories
In this section we fix a commutative ring R, and assume everything in sight is R-
linear. Recall that an algebraic triangulated category is a triangulated category that
is equivalent to the stable category of a Frobenius exact category. By [7, Theorem
4.3] if D is a cocomplete algebraic triangulated category with a single compact
generator, then D is equivalent to the derived category of a dg-algebra. Thus,
determining which algebraic triangulated categories are approximable is equivalent
to determining which dg-algebras have an approximable derived category.
IfA is a dg-algebra and its derived categoryD(A) is approximable, thenHn(A) =
HomD(A)(Σ
−nA,A) = 0 for n ≫ 0 by Lemma 2.6. By [14, Remark 3.3], if
Hn(A) = 0 for all n > 0, then D(A) is approximable. We start this section by
showing that if A is an “upper triangular algebra” constructed from dg-algebras B
and C, and B,C have approximable derived categories, then so does A. This gives
examples of dg-algebras with approximable derived categories and cohomology in
arbitrarily high degree.
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Corollary 5.1. Let B and C be dg-algebras, M a B ⊗ Cop-module, and A the
dg-matrix algebra of this data, i.e.,
A =
[
B M
0 C
]
, dA =
[
dB dM
0 dC
]
.
Assume that M is cohomologically bounded above, i.e., Hn(M) = 0 for n≫ 0, and
that M has a semi-projective B-resolution that is also a B ⊗ Cop-module. Then
if D(B) and D(C) are approximable, so is D(A). Moreover, D(A) satisfies the
hypothesis of Proposition 3.5, so D(A)−c and D(A)
b
c are glued from their analogues
over B and C.
Remark 5.2. The condition on the resolution of M is satisfied if R is a field, or
more generally, if M and B are flat over R as graded modules. Indeed, one can
then construct a semi-projective B-resolution ofM using the bar construction, and
this resolution retains the right C-action from M .
Proof. By [12, §3] (see also [6]), there is a recollement:
D(B) D(A) D(C).
i∗
i!
i∗
j∗
j∗
j!
Note that B and C are cohomologically bounded above, since their derived cate-
gories are approximable, and therefore A is also cohomologically bounded above.
Thus we may apply Theorem 4.1, with A = G, to see D(A) is approximable. By
[12, Lemma 3.11], j∗(A) ∼= C, and thus is in D(C)−c , so we may apply Proposi-
tion 3.5. 
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